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304 Similarity 
9-1 Proportions 


In this chapter you will study polygons that 
have the same shape—but not necessarily the 
same size. There are many triangles in this 
photograph that have the same shape. 


The idea of same shape is involved in an enlargement or a reduction. 
Consider the two photographs below. 


10cm 


Both of these photographs are of the same subject, but one is larger than 
the other. Both pictures have the “same shape.” If we compare the ratio of 
width to length of each picture, we see that the ratios are equal. 


4cm_ 8cm 
5cm 10cm 


This equation is called a proportion Definition 9-1 
because it is made up of two equal ratios, 4 


a A proportion is an equality between two ratios. 
and {. 


The ratios = and = are proportional if 5 =£ 


Z 
640,40. 


(It is important to remember that a denominator cannot be equal to zero.) 

In this lesson we shall review some of the algebraic properties of 
proportion. The proofs of these theorems will be omitted, but each will be 
preceded by a numerical example. 
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In a proportion cross products are equal. 


ae or 4x4=2x8 


Theorem 9-1 If p= then a xd=b xc. 
Example In a proportion, 1 can be added to both sides. 

9 12 9 3 Ip; , 4 9+3 12+4 
pees ale = : 
se epee a agg oe 4 


ae (ete a+b _c+d 
Theorem 9-2 If 5 = > then nae 


x In a proportion, 1 can be subtracted from both sides. 
ee OF a le 9—3_ 12-4 
ir ae a ge es a? 


ue a—b_c—d 
Theorem 9-3 If f= 5; then ; ae 


Sol eaye pas St ern eee 
Theorem 9-4 ff =<) then t= 7 


Example 5 If9 x 4=3x< 12, then 5 = 2 


Theorem 9-5 Ifaxd=bxe, then + = = 
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EXERCISES 
A. 
1. Given that 4 = 2. which theorem is used to conclude each 
of the following: 
4_5 9_ 27 
Sa=a Pasa © 
AD _AE ws. , 
2. Suppose DB EC’ Which theorem is used to conclude A 


each of the following: 
Lon a, 4D — DB _ AE —~ EC & AD _ DB 


DB EC AE EC 
a AD + DB _ AE + EC B C 
DB EC 


3. Use Theorem 9-5 and the following products to form proportions. 
a3x4=2x6 b. V2x V3=1x Vo 
ce 2°>MN=3-XY d. AB- CD = EF: GH 

4, Use Theorem 9-1 to solve the following proportions for x. 


re 6 _ 18 =4 3 
CRs Pose Sem 


5. State the contrapositive of Theorem 9-1. Use this contrapositive 
to show that the following statements are not proportions. 
a i238 42331 | v2 _ v2+1 
"18 Ys 7337 41 3a 9 ySat 


= Activity 


A 1-cm square grid has been superimposed on 
this cartoon. Draw an enlargement of this cartoon 
by using a 2-cm square grid. 
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6. The measures of two complementary angles are in a ratio of 
3. Find the measures of these angles. 


7. If 2 calculators cost $28, how much should 5 calculators 
cost? 


8. Two numbers are in a ratio of 2:3. What is the ratio of their 
squares? 

9, The measures of two supplementary angles are in a ratio of 2. 
Find the measures of the angles. 


10. A 56cm segment is divided into a ratio of 3 to 5. Find the 
length of the two segments. 


11. A 5 x 7 photograph is enlarged by a factor of 
the enlargement? 


ter 


. What size is 


12. The area of two triangles are in a ratio of 4 to 9, The 
smaller triangle has an area of 50 cm?. Find the area of the 
larger triangle. 


13, Solve the proportion for x. — = 
x 
1. Use a ruler and the scale indicated D me) 
below to find the actual distance 


across this church both east-west s 
oor <3 


and north-south. 

2. Write down the proportions used in - 
answering Problem 1. Fue 

3. If the walls from A, north around the i | 
church to F, are poured concrete | Wetcicess 
walls that cost $20/foot, estimate 
the total cost of pouring these walls. ‘WORSHIP wALE | 


a7’ : = | 
7 + 
oFrice Luenany 1 
ji rales 
FLOOR PLAN 


tar wecley eller, 
ae og Pa oy ee 
NOR} SCALE IN FEET = ees See & = 


SS 


> 


308 Similarity 


9-2 The Side-Splitting Theorem 


A mechanical linkage called a pantograph can 
be used by draftsmen and others to enlarge 
or reduce drawings, as shown here. The 
instrument lies flat and is fastened down at a 
pivot point P. As the stylus at point D traces 
a figure, the pencil at point £ draws an 
enlarged figure. The pantograph is based 
upon the theorem in this lesson. 


In the triangles below a segment has been drawn parallel to one side of 
the triangle. 


MN || BC XY || DE SR || GH 


M N 12 9 
4 
3 Ss R 
G 4 3 
B G H 
Observe that 
AM _, AN_, 1e6 = iy vee TS. 3. Re 
ME NGS © XD y 2 YK; ‘ SiGu eon mal 
or or or 
AM _ AN Le Be Is _ IR 
MB NC" XD” YE SG RH’ 


These observations are summarized by this theorem. 
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Example 1 Example 2 G 


In this figure MN || DE. Find FJ in the figure shown if GF || K]. 
Find NE. GK 
By Th 9-1 =HL 
. By Theorem 9-6, —— CyeSeN ala KH JH’ 
) MD NE’ 2 x 
hence ie A) She 
See 3x = 12 — 2x, 
3x1) 20; ce eR 
20 
or x= ca or i ue 
5 


APPLICATION 


1, A pantograph is constructed ‘so that 
AB = CD, AD = BC, and P, D, and E 
are collinear. Therefore by Theorem 8-4 
we can conclude that ABCD is a 
parallelogram. Wee 
2, Since ABCD is a parallelogram, AD || BE 
in APBE. Therefore, by Theorem 9-6, 


we can conclude that the ratio a is 


always constant and equal to the ratio 4 a B 


This fact helps explain why the pantograph works. 


The converse of Theorem 9-6 is also true and is stated here. 
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EXERCISES 
A. 


1, Assume DE || BC. Indicate whether the following are true or A 
false. 


B C 


(Exs. 1, 2) 


2. Indicate whether the following are true or false. 
DB _ EC 
AD AE 
AB _ AG 
AD AE’ 


DB EG 
AB—DB~ AG—EC” 


a DB _ EC a 
, then DE || BC. b. If Ge = Gp then DE || BC. 


a5 AG AD _ EC BY EG 
BC. Gel eee nes : 
then DE || BC. I Se = qc then DE || BC. 


— AD +DB_: i 
wen DEY BG. € 1¢ 42D 1B _ AB +O en DEY BC 


out AD AE 


In exercises 3-8, find the value of x. Assume the lines that appear 
parallel are parallel. 


For this activity you will need strips of cardboard or wood 
about 30 cm long and some fasteners. 


1, Make a pantograph by fastening strips together so that 
AB = PC and AP = BC. 


2. Use it to draw an enlargement of some figure. 
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B. "A 
ep ee eee R 
9. Given: RS || ZX, RX || TS T 
TX RY 
P; = 
Prove: RT RZ x ¥ ¥ 


10, Given: ABCD is a trapezoid. 
A BE 


FC 
(Hint: Draw BD. Consider AABD and ABCD.) 
11. Given: ABCD is a trapezoid. 
EF || AB, EF || DC, 


Prove: 


at = qf) BC = 30 
Find: BF and FC 
12. Given: ABCD is a trapezoid. (Exs. 11, 12) 
EF || AB, EF \| DC, 
BG _ 3, 4p =8, BC = 12 B 


GD” 4 
Find: AE, ED, BF, FC 
13. In this pantograph, PA = 8 cm and AB = 24cm. If the 
stylus at D traces a segment of 14 cm, what is the length of the 


segment drawn by the pencil at E? Jey ne 
14, Given: AABC, mZ1=mZ2 15. Given: AD bisects BAC, AB=10, “S.A 
BD _ AB AC = 15, BC = 18 \ 
OES AG, Find: BD and DC \ 
ae) a Hint: S ise 14, 
(Hint: Construct FB \j AD.) Cee Sear) eae 
Exs. 14, 15 
16. Given: AABC, mZ1 =mZ2 ; A (Exs. 14, 15) 
Prove: BD. = aa @ 
oe es D B : 


(Hint; Use the Side-Splitting Theorem and an auxiliary line.) 


PROBLEM SOLVING 
A 

In this pentagon-based pyramid: # 

WX || BC, XY \| CD, YZ || DE, and AW = 2, WB = 3, AE=6 WANN 


Find AZ and ZE. 
3 
D 


Cc 
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9-3 Similar Polygons 


Industrial designers often build models of projects that will eventually be 
constructed full size. The model of the plane has the same shape as the 
actual aircraft. 

In this lesson we shall focus our attention on polygons, and we shall 
describe what is meant by identical in shape, or similar. Consider these 
figures. 


ABCDE is similar to A’B’C’D'E’. WXYZ is similar to W'X’Y’Z’. 
Z 


a ie ce 
«© 6 
x 
LAS AG A Re ARS AGS iG ZV LW, LX = LX’, 
(eNO BY ONS VLA AS FAI NE ZY FN CSA — ea 
AB. — BC] CD _ (DE AE WA = RY YZ: WZ 
ABE BiG’ CD! © (DIE ALES = LOERE SERIA EZ AVA 


Notice that all corresponding angles are congruent and that the ratios of 
corresponding sides are equal. 


The symbol “~” means D 
“is similar to.” 
ABCD ~ A’B'C’D’ means 
that ABCD is similar to A 
A'B'C'D’. 
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Definition 9-2 


B Two polygons are similar if 
there is a correspondence 
between vertices such that 
corresponding angles are 
congruent and corresponding 
sides are proportional, 


B 


Example 1 If we are given that ABCD ~ A’B’C'D’, then we can 


conclude: 

if CA oD == By Gia Gis 
1DY 

2, BG) ~ CD) AD! 


AB BG CD AD 


Example 2 If we are given that 
1. ZA= 4A", ZB S LB LC= LC, 
2£D= ZD' and 
6, oe Bee OD. = ap 
AB! © BIC! CD’ A'D"’ 
then we can conclude that 
ABCD ~ A’B’C'D". 


APPLICATION 


If you have a scaled map, then a figure on 


the map is similar to the figure it represents. 
Given a scaled map of locations A, B, and C, 


then AABC ~ AA’B'C’. 
If A’C’ = 36 mm, A’B’ = 24mm, and 
AB = 32m, find AC. 


Solution: 43. _ AC or 2m 


A B 


B 


B 


A‘B’ AC! 
32m xX 36mm 
24mm 


Therefore AC = = 48m. 


24mm 36mm’ 


24 mm 
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EXERCISES 
A. 


For exercises 1-4, decide whether or not the given pair of 
polygons are similar. 


Te 


5. Suppose AHI] ~ AH'I'J'. Name three I 
pairs of corresponding angles that are 
congruent. 
6. If AHI] ~ AH'I'J’, complete this 
proportion in two different ways. H 
HI 
H'l’ 
7. Suppose AHIJ ~ AH'I’J’, and that H’I’ = 4, I'J’ = 6, 
H'J’ = 7, and HJ = 12. Find lengths HI and JJ. 
8. Using the scale indicated on this needlepoint pattern, find the 
length AB in the enlarged finished product. 


= Activity 


Here is a method of constructing a polygon similar to ABCDE. 
a. Select a point P and draw PA, PB, PC, PD, and PE. 


b. Construct points A’, B’, C’, E’ as shown so that AA’ = 2PA, 
BB’ = 2PB, CC' = 2PC, DD! = 2PD, and EE' = 2PE. 


1. Trace ABCDE and try the construction stated above. D 


2, Locate point P in a different position and repeat the B 
construction. 
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B. 
In this figure DE || BC. 
(Exs. 9, 10) 
9, If 4p = aE 2E prove that AADE ~ AABC. = 
10. If the length of segments are as shown, then find DB and 
EC. (Hint: Use exercise 9.) 
11. If DE || BC, and the lengths of segments are as shown, prove ey . 30 
that AADE ~ AABC. 


12. The lengths of the sides of a pentagon are 6, 8, 9, 12, and 


Cc 
(Ex, 11) 
15. If a similar pentagon has a longest side of 4, find the : 
lengths of the remaining sides. 2 
aK 13. Construct a right triangle similar to f 
A oie 


AABC with a leg of length 2. ie 7) eee) 
14. Construct a quadrilateral similar to e 
ABCD, whose shortest side has length 9. 
C. A (Ex, 14) 
15. Suppose AADE ~ AABC. Prove that 
DB 


= EC pis i 
AD = AE’ (This is the conclusion of 


the Side-Splitting Theorem.) 


16. Given that ABCDE is a regular pentagon, E ZENS B 


WY 
ane thats > State several 
DC DI CI [> WwW. 
pairs of similar triangles. Justify your BD IN fo (18) 


choices. 


Use the problem solving method “Make a Table’ (page 167) to solve this 
problem. 


no subdivisions one subdivision two subdivisions three subdivisions 


L\ AX AX AS 


1 triangle 5 triangles 9 triangles + triangles 


If the equilateral triangle were subdivided ten times, how many triangles 
would result? 
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9-4 The AAA Similarity ; ; 

Postulate HH 

; ; 

In the sport of bowling, the bowler uses the 
sight marks to aim the ball. Suppose a 
bowler aims for the second mark and misses 
it by 2 centimeters. By how much will the 
ball miss the pin? 


This question can be answered by applying 
the theorem studied in this lesson. 


In AABC and ADEF, 4A = ZD, ZB= ZE, and £C= £F. 


Cc 


Sati aene: 
Observe that DE 


It appears that whenever all three angles of 
one triangle are congruent to all three angles AAA Similarity Postulate 
of another triangle, then the ratios of 


_ BC _ GA 
ER FDy 


Tf three angles of one triangle are congruent to 


corresponding sides are also equal. We accept three angles of another triangle, then the triangles 


this as a postulate. are similar. 


The next theorem describes a simple method for proving two triangles 
similar. 
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PROOF F 


Cc 
Given: AABC and ADEF with 2A = 4D, B= ZE 
Prove: AABC is similar to ADEF. 
D BE 


A B 


Statements 


|. Given 


1. 
2 2. Given 
Bi 3. Why ? 
4, AABC ~ ADEF 4. AAA Similarity 

A (bowler) foul 
APPLICATION line 
When the bowler misses the mark by 2 cm, sight 

marks 


the ball misses the pin by how much? 
Consider triangles AABC and AAPD. 
These triangles are constructed to be right 
triangles, and they have a common angle 4. 
Therefore by Theorem 9-8, we conclude that 
AABC ~ AAPD. 


AB _ BC op es aan 
AP PD 19m xcm 
or ee em Oem 

4 2 


Applying the AA Similarity Theorem to the case of right triangles gives 
this theorem. 
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EXERCISES 
A. 


For exercises 1-4 AABC and AXYZ are given. Complete the 
statement AABC ~ 2. 


1. mZ4A =17,mZ£C = 49, mZX =17,mZZ = 49 


A 
2. mZA = 23,mZB=111,mZY=23,mZ£Z=111 
3. m2 B= 68, mZC = 21,m£X = 21, mZY = 91 
4. mZC = 119, mZA = 24,mZX = 24, mZY = 37 
3 B Cc (Ex 5) 
5. Explain why AABC ~ ADBA. D 
6. Find x. 7. Find y. 


10 
bs ‘ 

5 3 
8. If a 6-foot man has a shadow of 9 feet, how long a shadow 


would a 20-foot pole have? 


9. If DE || BC, AD = 3, AB = 8, and BC = 9, what is the 
length of DE? 


10. Are all isosceles right triangles similar? Why? 


11. Are all right triangles similar? Why? A 


12. If two isosceles triangles have their vertex angles congruent, D 
are they similar? Why? 


13. Are all 30°-60°-90° triangles similar? Why? 


ie) 
(Ex. 14) 


14. List as many similar triangles as you can in the figure shown. i 


15. When a photograph is taken, the image formed on the film is 
similar to the object being photographed. Similar triangles A! 
help to explain this. If AB and A’B’ are parallel, prove that 


ALAB and ALA'B' are similar. Ailes B 

16. One method of finding the height of an object is to place a 
mirror on the ground and then position yourself so that the D 
top of the object can be seen in the mirror. How high is a M 
tower if a 150 cm tall person observes the top of the tower A Pirsen 


when the mirror is 120 m from the tower and the person is 
6m from the mirror? Z2AMB = £CMD 


20. 


21. 


22. 


24, 


. Given: 


Prove: 


. Given: 


Prove: 


. Given: 


Prove: 


Given: 


Prove: 


Given: 


Prove: 


Given: 


Prove: 


. Given: 


Prove: 


Given: 
Prove: a. ABDF ~ ACDE 
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mZ1=mZ2 
AABC ~ AEDC 


AB || DE 
a. AABC ~ AEDC 
p, 4C _ AB 

' CE” DE 


ABCD is a trapezoid 


AAED ~ ACEB 


AB || DC B c 
AC || DE D 
AABC ~ ADCE 


(Ex. 20) 
B C E 


D 
AABC ~ ADEF 4 
AG and DH are altitudes. 
AB _ AG 
DE DH 
e B 5 Coe i 
G H 
oO 


NO || OP 

a. AMNO ~ AMOP 
p. MN _ NO 

"MO OP 


(Ex. 22) 


H, N, and ¥ are midpoints of 
MA, ME, and AE 
AHNY ~ AEAM 


2B= ZC, DF 1 AB, DE 1 AC 
A 
p, 22 _ BD 

ED~ CD 


(Exs. 17, 18) 


(Ex. 19) 


(Ex. 21) 
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25. Given: ¢ RST, £1, and £2 are right angles. R 
Prove: a. ARSU ~ ARTS U 
b. AUVT ~ ARUS 


26, Given: ABCD is a trapezoid. v 
Prove: AE-DE=BE-CE 4 B 


27. Given: AABC ~ AEFG A 
AD bisects 4 A. 
EH bisects 2 E, 


EB 


28. Given: AD | BC, BE | AC Cc 
te AC: 
Prove: a. BE = BC D 


b. AD+ BC = AC- BE E 


= Activity 


Set an overhead projector 10 feet from a screen 

and perpendicular to it. Place a cutout triangle 

ABC on the projector. Call the triangle on the 

screen A‘B'C’, 

1. Measure 4 A and its image / A’. How do they 
compare? 

2. Measure lengths AB and A’B', AC and A'C’, 
BC and B'C’. 


AB AC BC 
How do the ratios WB" Arr’ and BC? 


compare? 


What do you conclude about AABC and 
BA'B'C'? 
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29. Given: BE || CF || DG 


, BG _ EF 
Prove: CD = FG 


30. Given: AC 1 FE, AC 1 BD, 
DE | BD, AE | BE 
Prove: AAFE ~ ABDE 


31. Given: AD 1 BC, FC 1 AB he 
BE 1 AC F 
AE BD GE ~ 


OL Mreia) vs c 


32. Given: DE 1 AC A 
AB | BC 
mZ1+mZ2=90 Cc 2 
Prove: BC: CE = ED+ AB G 


33. Given: CA CB 
BA D 
Prove: (AB)? = AC- AD A B 


Suppose a slide projector and screen are set up 
as shown with the screen 20 feet from the 
projector. Assume AABC is similar to AA’B'C'. 


1. If the triangular cutout AABC is placed x feet 
in front of the projector, calculate the length 
A’B' in terms of the length AB and the 
distance x. 


2. If x is halved, what happens to A‘B’? 
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9-5 Right Triangles and 
Similar Triangles 


An interesting example of right triangle 
similarity in nature is the shell of the 
chambered nautilus. The photograph shows a 
shell that has been cut in half to reveal its 
spiral construction. This spiral can be 
approximated by a sequence of segments at 
right angles to one another as shown here. 
This spiral is related to the theorem of this 
lesson. 


| 


Sey 


We begin with an example and a 
definition. Definition 9-3 
8 is the geometric mean between 4 and 16, 


. A number x is a geometric mean between two 
since 


numbers a and 6 if 


4 8 
iSemiee fa Fox #0040. 
G Zz 
The idea of geometric mean is used in the / 
next theorem. Consider these right triangles. y, 
a 
A D BX! w ve 
Observe that Observe that 
AD _ CD xW _ WZ 
(CD SDB WZ” WY" 
PROOF ‘ 
Given: AABC with 2 C a right angle, 
CD an altitude 
AD _ DG 


Prove: 


DC DB 8 D “a 
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4 Statements Reasons 
—$—_—_—_—_—_————— 
1. ZADC is a right angle. 1. CD is an altitude. 
2, 2 BDC is a right angle. 2. Why ? 
3. £Cis a right angle. 3. Given 
4, 2 BCD is complementary to 4. Why ? 
ZACD. 
5. 2 CAD is complementary to 5. Why ? 
ZACD. 
6, 2BCD= ZCAD. 6. Why ? 
1, SADC ~ ACDB. 7. Two right triangles are similar if 
an acute angle of one is congruent 
to an acute angle of the other. 
8 AD _ DC 8. Corresponding parts of similar rH 
DC DB triangles are proportional. 
APPLICATION 


The shell of the chambered nautilus is based 


on a geometric mean. Consider the sequence 
of radii 

OA, OB, OC, OD, OE, OF, OG, OH, Ol, OJ, OK. 
The length of each of these segments is a 

geometric mean between the lengths of the 
preceding segment and the succeeding 

segment. 


Each three successive points, for example, G, H, and J, are vertices of a VV 
right triangle. Furthermore, OH is an altitude of AGHI. Therefore, by 
Theorem 9-10, OH is the geometric mean between OG and OJ. 


This triangle illustrates Theorem 9-11. 20 15 Observe that 
The proof of Theorem 9-11 is left as an AD _ AC ,,, DB _ BC 
exercise. i BAC AB THe Ay 
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EXERCISES 
A. 


What is the geometric mean between the numbers in exercises 
1-4? 


1. 4 and 9 2. 9 and 16 3. 4 and 5 4. V3 and V5 


5. The length of CD is the geometric mean between the lengths 
of which two segments? 


6. The length of DE is the geometric mean between the lengths 
of which two segments? 


7. The length of AC is the geometric mean between the lengths 4 D 


of which two segments? (See Theorem 9-11.) (Exs, 5-8) 


8. The length of BC is the geometric mean between the lengths 
of which two segments? 


For exercises 9-16, use this figure in which 4 PMN is a right P M. (EXS. 9-16) 
angle and MO | PN. 


9. PO = 9, ON = 4. Find MOQ. 10. ON = 3, MQ =9. Find PO. 
11. PM = 12, PQ = 9. Find PN. 12. MN = 8, ON = 6. Find PN. 
13. PN = 75, PQ = 72. Find MN. 14. MQ = 4, PN = 10. Find ON. 
15. PN = 13, PM = 12. Find MQ. 16. PM = 16, MN = 12. Find PO. 


= Activity 


A spiral similar to the one found in the chambered nautilus shell is based on the 
golden rectangle. It can be constructed with compass and straightedge. 


1. Construct a golden rectangle ABCD as shown 
in Geometry in Our World, page 301. E 
2. Subdivide the rectangle BCEF into a square 
and a rectangle, and continue subdividing the 
newly obtained rectangle into a square and a 
rectangle. 


3. Construct in each square a circular arc as 
shown. The center of each circular arc is a x 
vertex of the square. 
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G 
— oO 
17. Suppose m4 HEG = 90 and EO 1 HG. If HO = 6 and 
EG = 4, find OG. 
?) E H 


18, Suppose mZ HEG = 90, EO 1 HG, EO = 8 and ue =2 


it (Exs. 17-19) 
Find HO. c 
19, Suppose mZ HEG = 90, EO | HG, 
HO = 10 and OG = 8. Find HE- EG. 
20. Given: mZ ACB = 90, CM 1 AB, AB+ CM = (AC)? A B 
Prove: AC = BC M 


21. Given: mZ TEM = 90, RE | TM, 
TY = YM, ER = 44, TE = 6 
Find: RY 


22. Use Theorem 9-11 and the figure to show that a? + b? = c? 
| (Pythagorean Theorem). 


23. Suppose AFDB is a rectangle and AD 1 CE. 
| Show that the area of AFDB = \/BC+ BA: AF: FE. 


24, Prove Theorem 9-11, 


25, The geometric mean can be found in starfish in several ways. 
For example, in the five-pointed star shown here, AB is the 
geometric mean between BC and AC. Accept this fact and 

. use it to show that AC is also the geometric mean between 

| AB and AD. (Hint: Use Theorem 9-2.) 


PROBLEM SOLVING 


Show that the spiral constructed in the last activity is a spiral of the chambered 
nautilus, 

That is, show that EX is the geometric mean between AE and XY. (Hint: Use the 
definition of golden rectangle found in the Architecture Geometry in Our World, 
page 300, together with the fact that ABCD and BCEF are both golden rectangles.) 
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9-6 The SSS and SAS 
Similarity Theorems 


A water fountain is to be installed 32 feet 
from one corner of a building and 27 feet 
from another corner of the building. The 
building is 40 feet wide. 

A set of working drawings for this project 
gives a scale of 5mm to a foot. After the 
corners A’ and B’ of this building are located 
on the dravving, the point F’ is drawn R, 200 mm , 
160 mm from 4’ (5 X 32) and 135 mm from a 
B’ (5 X 27). Is AABF similar to AA’B’F’? 


160 mm 135 mm 
F 


In the next example AXYZ and AX’Y’Z’ are drawn so that 


DOE He 8 
Reng ma ae ee 


Be y x’ ” 
dom 8cm 


When the sides of the triangles are drawn proportionally then, 


mZX =mZX' = 30,mZY-=mZY’ = 46, and 
mZZ=mZZ' = 104. 


‘These examples suggest the theorem called the SSS Similarity Theorem. 
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9-12 says P 
fe. JC _ TC T 


fo OD” PD’ Ne 
then ATJC~ APOD. a c O 


APPLICATION 
i] 40 ft 


Tn the example at the beginning of the lesson A B 
there is a triangle with sides of length 27 
feet, 32 feet, and 40 feet, and a scale drawing 
with sides of length 135 mm, 160 mm, and 32 ft 27 tt 
200 mm. Are these triangles similar? 
Since fe) 
save eel ee Be 
200 160 135 Ba 
Theorem 9-12 answers the question. Yes, AABF ~ AA‘B'F’. 160:mm 135 mm 
There is another way of showing two triangles are similar. 


D 


F 
DE: EE 
ADEF and) B= 4H 
and AGHI were constructed so that =— GH ~ HI ra & 
D 
G 
2 
E = FP 3 
H I 


6 


These conditions imply that 4F = 4J and 2D = ZG. This example 
suggests the following theorem called the SAS Similarity Theorem. 
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EXERCISES 


A. 


In exercises 1-4 use the given information to decide if the 
triangles are similar. Base your decision on the measurements 
given rather than the shape of the drawings. If the triangles are 
similar, state whether the AA, SAS, or SSS Similarity Theorem 


applies. 


1. 
3 
fs 12 
4 


8 


5. If AB = 4 and BC = 7, 


Bi 


2 


10 


15 


6. If point B divides AC and DE 


D 


of the sides. 


Cc 


1. Construct a AABC with sides 10 cm, 13 cm, and 17 cm long. 
Find the point of intersection of the perpendicular bisectors 


2. This point is the center of the circle that passes through the a B 
three vertices. This circle is called the circumscribed circle. 


Construct this circle. 


3. Then construct the nine-point circle, as described on page 246. 
4. How does the radius of the circumscribed circle compare to the radius of the 


nine-point circle? 


9-6 The SSS and SAS Similarity Theorems 329 


B, 
1. Given: Trapezoid ABCD, AB || CD 8. Given: RU 1 UV, TV 1 RT 
Prove: AAOB ~ ACOD Prove: ARSU ~ AVST 
D Cc U 
R : 7 
1 B 
uf 
y Vv 
9, Given: AJKL ~ ANMP A 
JI and NO are medians. 
pre 
. Li p (EX. 9) 
K T LM O Be a 


10. Given: 7, U, and V are midpoints. 
Prove; AORS ~ AVUT 


11. Draw a counterexample for this statement. 
If two sides of one triangle are proportional to two sides of U 
another triangle and an angle of the first triangle is ze 
congruent to an angle of the second triangle, the triangles 
are similar. R v iS 
C. ; (Ex. 10) 


12. Prove: The corresponding diagonals of two similar 
quadrilaterals are in the same ratio as the corresponding sides. 


13, Prove: Two isosceles triangles with congruent vertex angles 
are similar, 


14. Draw a triangle given two acute angles and the length of the 
altitude to the included side. 


PROBLEM SOLVING 


Identify as many different-shaped figures as possible 
for which you can find another figure that is similar, E 


LX\ 


330 Similarity 


9-7 Trigonometric Ratios— 
An Application of 
Similar Triangles 


The heights of very tall buildings can be 
determined with the aid of ratios in a right triangle. 
If distance AC is known and if the angle 
measure of 4 A is known, then height BC can be 
calculated using a method studied in this lesson. 


In this figure AABC ~ AAED ~ AAGF ~ AAIH. 
Therefore, ratios of corresponding sides are equal. 


opposite 
side 
A 
adjacent 
side 
hypotenuse Opposite 
side 
A 
hypotenuse 
A = 
adjacent 
side 


- BG DE FG 
The ratios AB AE? AG? 
and ue in the figure above 
are all equal. These ratios 
are associated with 4 A and 
are called the tangent of 
ZA. This is abbreviated 
tan A. 


.. BG ED GF 

Th a 

€ ratios 7 > ap? ar? 

and ie are all equal. These 
ratios associated with 2 A 
are called the sine of 2 A. 
This is abbreviated sin A. 


AB AE AG 

AC’ AD’ AF’ 
AL 

and AH are all equal. These 

ratios associated with 4 A 

are called the cosine of ZA. 

This is abbreviated cos A. 


The ratios 


F Dd, 
H, 
if GE 
Definition 9-4 


The tangent of an acute 

of a right triangle is the ratio 
length of opposite side 
length of adjacent side” 


Definition 9-5 

The sine of an acute angle of 

right triangle is the ratio 
length of opposite side 
length of hypotenuse © 


Definition 9-6 

The cosine of an acute angle 

a right triangle is the ratio 
length of adjacent side 
length of hypotenuse * 


9-7 Trigonometric Ratios 


Example 1 C 


From the figure at the right we can see that 
365.6 
220 220 
° = —— = 0.7534, 
tan 37 a 0.753: 
B A 
aa7e 220 292 
\ sin 37° = 365.6 — 0.6018, 
cos 37° = 92 = 0.7986 “Gogeer | 24 | sin | con 
365.6 ; : 


These trigonometric ratios can be found for 
various angles using either a table of values, 
as shown here, or by using a calculator that 
has the trigonometric functions. 


le 2 3640 | 3420 | .9307 

2 21 3839 | .3584 9336 

5 22 4040 | .3746 | .9272 

From the table of approximate values we see 3B ‘4245 | 3907 | .9205 
24 4452 | 4067 | .9135 

2 25 4663 | .4226 | .9063 

tan 42° = 0.9004, 26 4877 | 4384 | .8988 

a 27 -5095 | .4540 | .8910 

sin 42° = 0.6691, 28 (5317 | 4695 | .8829 
ae 2» 5543 | 4848 | .8746 

cos 42° = 0.7431. a) 5774 | .5000 | 8660 
31 6009 | .5150 | .8572 

32 6249 | 5209 | 8480 

33 6494 | 5446 | 8387 

APPLICATION M 6745 | .5592 | .8290 
35 7002 | .5736 | .8192 

A person 1000 feet from the base of the 36 +7265 | 5878 | .8090 
Washi M Reds th ¢ 37 .7536 | .6018 | .7986 
fashington Monument finds the measure o 38 “7813 | 16157 | 7880 
24 to be about 29°. About how high is the 54 oo one pee 
monument? 41 8693 | .6561 | .7547 
42 9004 | 6691 | .7431 

fe ee z ° 4B 9325 | .6820 | .7314 

tan 29° = 700 ot = 1000 x tan 29 vi ‘oes | coat || aia 
45 1.0000 | .7071 | .7071 


I 


1000 x .5543 = 554.3 feet 
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EXERCISES 
A. 


1. Complete the following: 


tandA = 2 


sind 


cog Al a28 


Cc 


A 3 B 


For exercises 3-14, use the trigonometric tables. 


6. cos 13° = 


Find mZ A to the nearest degree given the following approximate 


measures: 


2 


Spike ate 


9. tan 2A = 0.7536. 


12. cos ZA = 


15. AABC has AB = AC = 10 
and mZB = 40. Find 


0.8290. 


the length of AD. 


= Activity 


4. cos 43° = 2 


7. tan 35° 


10. cos ZA = 0.9985. 


13. sin ZA = 0.0699. 


11. 


14. 


the length of BD. 


B Cc  (Exs. 15, 16) 


2. Complete the following: M 


tan)? 2: 
SI ote ee 
sin ZA = 0.2925. 


tan 2A = 0.9658. 


16. AABC has AB = AC = 10 
and m ZB = 40. Find 


Use a calculator to determine the following. 


1. a. (sin 57°)? + (cos 57°)? = 2 b. (sin 43°)? + (cos 43°)? = 2 
c, (sin 9°)? + (cos 9°)? = 


d. (sin 24°)? + (cos 24°)? = 


e. What do you guess about sin? x + cos? x for all x? 


2. a. Compare 


c. Compare 


e. What do you guess about 


sin 47° 
cos 47° 
sin 33° 
cos 33° 


sin 71° 
cos 71° 
sin 66° 
cos 66° 


and tan 47°. b. Compare 


and tan 33°. d. Compare 


and tan x? 


sin x 
cos x 


and tan 71°. 


and tan 66°. 


9-7 Trigonometric Ratios 333 


. z Fi X ¥ 
|. sin F = — = 
17, sin 35 i 
ae 
Pha. 30 
tanD = 2. D ; E 2 P 
19. Suppose AB = 3, BC = 4, C 20. Suppose you want to Mt 
and AC = 5. Use the find the distance across Z 
trig tables or a calculator the pond ON. You measure 
to determine m/ A and mC to find that PO = 50 m and 
to the nearest degree. determine m/ P = 44, Find ON, 6 
Q 
B A F 
21. Suppose you want to find the height of the building, that is, oor 
FN. The m4 FUN = 50 at a distance 30 meters from N. oo 


What is the length of FN? 


22, If an airplane takes off and climbs at a 30 m. 
Steady rate of 10° until an altitude of See- 
30,000 feet is reached, what is the ground eee 30,000 fi 
distance covered? 


23, Melted gold is poured into a mold to form a brick. A box-like 
mold with inner slanting sides’is used. The “draft angle” is the 
degree of slant of the walls. The draft angle is 2° and 
BD = 6cm. How much wider is AB than CD? 


PROBLEM SOLVING 


Suppose you want to find the height (DC) of a 
tower but you cannot measure distances AC and 
BC directly. 
lfmZA = 40, mZ DBC = 60, and AB = 200 m, 
find height DC. 
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9-8 Trigonometric Ratios 


of Special Angles 


Just as the 30°, 45°, and 60° angles are important to people who do 
drafting work, they are also important special angles in trigonometry. It is 
often helpful to know the trigonometric ratios of these angles without 
referring to tables of values or to a handheld calculator. 


From Theorem 7-3 we conclude that the 
side lengths of a 45°-45°-90° triangle are in 
a ratio of 1:1: 2. 


This table shows the trigonometric ratios for 
these special angles. 


Example 1 


The diagonal of a square is 5 cm, Find the 
length of a side. 


sin EHF = 5E H G 
sind5e = 2 
2 al 
V2 _ EF E 2B 
aos aol 


From Theorem 7-4 we conclude that the 
side lengths of a 30°-60°-90° triangle are in 
a ratio of 1: 3:2. 


cos 


v3 | 
2 


Example 2 


In the triangle shown find XW and XZ. 


tan £Z= AW & 
o 4 
xw 
30° = 2 
tan in : a 
v3 _ XW ; 4 ft 
3 4 
xXW= ENE 
3 
8 V3 


Since XZ is 2XW, then XZ = =a ft. 
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CISES 


‘or exercises 1-6, complete the statement correctly without 
‘ing to the table on page 331. 


for exercises 7-14, the right triangle shown is not drawn 


accurately. Accept the side lengths as shown. Complete the 4 (Exs. 7-14) 
following statements correctly. é 
7, sin A = 2 8. cosA = 2 9. tan A = 2. 
10, cos B = 2 11. tn B= 2 12. sin B= 2. 
Spm LA = 2. 14. mZB= 2 
For exercises 15-18, evaluate each given expression. Identify 
those pairs of expressions that are equal. In each problem assume 
that mZ A = 30. 
15. 2 sin A, 2 sin A cos A, sin 24 16. cos 2A, (cos A)? — (sin A)?, 2(cos A)? — 1 
17. tan 2A, 2 tan A, — 2tand_ 18. 2cos A, 1 — Asin A), cos 24 


T — (tan Ap? 


19, If m2 GUS = 30 and US = 50 m, how high is the building? 


20. Quadrilateral EASY is an isosceles 
trapezoid with EA = SY. If EA = 10 
and mZ EAS = 45, find the length of the 
altitude EZ. 


21. AABC is equilateral. Find the length of 
the altitude AD. 


22, Show that, if AABC has right angle 4 C, 
then (sin A)? + (cos A)? = 1. a. 


% 


B Cc (Ex. 21) 
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Important Ideas—Chapter 9 


Terms 
Proportion (p. 304) Tangent of an acute angle (p. 330) 
Similar polygons (p. 313) Sine of an acute angle (p. 330) 
Geometric mean (p. 322) Cosine of an acute angle (p. 330) 
Postulate 
AAA Similarity Postulate (p. 316) 
Theorems 
1 f#taf = C. = be a+b_c+d 
9-1 b qimenaxd bxe 9-2 fF amen b an 
9-3 16 4=5,th PAN p eo rthen ee 
3 > zp en 9-4 a qo ens Hi 
9-5 Ifaxd=bxe then =<. 
9-6 Side-Splitting Theorem. If a line is parallel to one side of 
a triangle and intersects the other two sides, then it divides 
the two sides proportionally. 
9-7 If a line intersects two sides of a triangle and divides them 
proportionally, then the line is parallel to the third side. 
9-8 AA Similarity Theorem. If two angles of one triangle are 
congruent to two angles of another triangle, then the two 
triangles are similar. 
9-9 Two right triangles are similar if an acute angle of one 
triangle is congruent to an acute angle of the other triangle. 
9-10 In a right triangle, the length of the altitude to the 
hypotenuse is the geometric mean between the lengths of the 
two segments of the hypotenuse. 
9-11 Given a right triangle and the altitude to the hypotenuse, 
each leg is the geometric mean between the length of the 
hypotenuse and the length of segment of the hypotenuse 
adjacent to the leg. 
9-12 SSS Similarity Theorem. If three sides of one triangle are 
proportional to the three sides of another triangle, then the 
triangles are similar. 
9-13 SAS Similarity Theorem. If two triangles have an angle of 


one triangle congruent to an angle of the other triangle, and 
if the corresponding sides including the angle are 
proportional, then the triangles are similar. 
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pter 9—Review 


Indicate whether the following statements are true or false. E 


If BD || AB, then ©O COE GB: 


DE BA’ D 
, then BD || AE. 


If CD = 4, DE = 3, BC =8, then AB = 6. 
@. If 4A ~ / DBC, then AEAC ~ ADBC. us 
e. If CD = DE = AB = BC, then AEAC ~ ADBC. A 


Assume DE || BC. F : 
Ws, AD = 4, BD = 6, AE =5. Find AC. y a 


b, AB = 10, BD = 7, AC = 12. Find AE. 
¢, AD = 3, BD = 4, BC = 6. Find DE. 
d, AB = BC = AC = 6, AD = 2. Find AD + DE + AE. 
Given: AB || cD 

AG || DE 
Prove: AB+ CE = BC- DC 


Assume m/ CAB = 90 and AD 1 BC. 
a, If AB = 8 and BC = 12, find BD. 
b. If AC = 6 and DC = 4, find BC. 
c. If BD = 4 and AD = 6, find DC. 


ie D B 
. Assume m2 D = 90, H 
a, If sin ZE = Ss. find tan ZB. 
b, If cos 4H = me find cos / E, 
E D 


¢. If tan 2E = 4, find cos 2H. 


. If a 20-foot tree casts a shadow of 45 feet, how long a shadow 
would a 30-foot tree cast? 


: D 
, Given: Figure ABCD is a parallelogram. E 


Prove: a. AECB ~ AEDF 
b. AEDF ~ ABAF 
ce. AECB ~ ABAF 
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Chapter 9—Test 


1, Indicate whether the following statements are true or false. 
a. If DB || AE, then CD: DE = BC: AB 
EC _ AC 


b. If Fe = BG then AAEC ~ ABDC. E 
EC ~ 3 EC _ AC D 
©. If AAEC ~ ABDC, then 5 = Se. 
> BC _ AC ACE ~ 
4. If 5G = Bo then AACE ~ ABCD. ; 
e. If DC: AB = BC- ED, then BD || AE. a B ‘ 


2, Assume MN || CD. 


he 
a, If ME = 2ED, find a 
b. If ME 5, and EC = 3, find ED. 


c. If ME= = 2, and NC = 9, find EC. 

d, If MN = ME = NE = 6 and CE = 4, find CE + CD + DE. 
3. Assume AABC and AABD are right triangles. 

a, If AC = 3 and AB = 4, find AD. 


b. If AB = 12 and BC = 13, find DC. B “! 
ce. If BD = 9 and BC = 15, find AD. eu 
d. If AC = 20 and BC = 40, find DC. e 
4, Given: AB = AC ov C 
DE = DC . 
Prove: AABC ~ ADEC B= c : 7, 
5. Given: ABCD is a trapezoid. Sea 
6. ABCD is a square with diagonal BD. i 3 B ¢ 


a. Find tan 21. 
b. Find cos 22. 
ce. Does cos 41 = sin £1? 
7. Given: DE || AB, EF || BC, DF \\ AC. 
Prove: ADEF ~ AABC 


Solving Techniques 


Nork Backwards 


imes when solving problems it is helpful to work backwards «s 
as forwards. Ask yourself, “What information do I need in order 
h the conclusion I want?” 


low to help solve the problem. Prove: AAGC = ABED 


Question: How can I prove triangles congruent? 


Ne 
Question: Which segments are congruent? 


Question: Which sides of the triangles can I prove congruent? td 


Question: Which angles of the triangles can I prove congruent? 


BLEMS 


lve the problems by working backwards. 


. Given: AD | AB, CB | AB w Cc 5 
EF bisects and is ‘oe 
perpendicular to DC. 2 ue | \< A 
Find: AF a B D 
A ———— a 
a, What kind of triangle is A ADF? 


b. Can I the Pythagorean Thi ? 
Saag ee Given: mZ BAD = mZ DCB = 90, 


¢, In order to find AF, which side of AADF do AE 1 BD, FC 1 BD 
I need to find? , 5 


= AB = CD =9, AD = BC = 12 
d. What do I know about DF? Find: EF 


3. Suppose 41 = 42 and 43 = 44. What must be 
the measure of 4 C so that DE || GF? 


a. Suppose DE || GF. Then, mZ DEF + mZ GFE = 180. 
b. Let mZ1 = mZ2 =x and m£3 =mZ4 = y. Find 
an expression for m/2 + m2Z4 and then for mZ C. 


¢. Reverse this reasoning to prove that your answer 
assures that DE || GF. 
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